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WITH INTERNAL RESONANCEfY
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The problem of the stability of the periodic motion of a multi-dimensional periodic system with a small
parameter is considered. The system is autonomous when that parameter is zero, The critical case when
the characteristic indices consist of a zero and N pairs of purely imaginary numbers is investigated on
the assumption that the system is reversible (¢-invariant) in the Birkhoff sense. It is shown that when
there is no parametric resonance the characteristic indices of the original system are identical with the
characteristic indices of the corresponding autonomous system to first-order in the small parameter if
there are no multiplicities in the autonomous system. Cases of third- and fourth-order internal
resonance are then considered. Here the system can be unstable and a non-linear analysis is required.
Necessary and sufficient conditions for stability are found, and the influence of small periodic terms on
the stability is established.

The results obtained are used to investigate the periodic piecewise-orbital motion of a geostationary
satellite with a small reactive thrust that allows it to hover over any point of the Earth’s surface.

1. ConsIDER the system of equations of perturbed motion
x'=X(x,1,€), xeR*N 1.1

X(x,z,e)=[Ao + ie*Ak(z)}x+x0(x)+ TeEX, (x,0)
k=1 k=1

where x=(x,, ..., X;y,) is the phase-variable vector, X,(x) is an analytic vector-function of x
containing no terms that are of lower than the second order in x, X,(x, f) are w-periodic
functions of time ¢, analytic in a neighbourhood of zero in x, and containing no terms that are
of lower than the second order in x, A, and A,(x) are respectively a constant and o-periodic
(2N +1)x (2N +1) matrices such that the linear part of system (1.1) has only one zero and N
pairs of purely imaginary characteristic indices +A, (A2<0; s=1,..., N) and ¢ is a small
parameter. The values of the matrix elements of A,(f) averaged over a period are zero, which
obviously does not cause any loss of generality. Furthermore, we shall assume that system (1.1)
is reversible [1, 2] (or t-invariant [3]), i.e. the following identity exists

MX(x,t,€)+ X(Mx,~1,6)=0, M?=E

(E is the unit matrix).
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In analysing the stability of the trivial solution of system (1.1) when €=0 it was shown [4, 5] that this
system can, in particular, describe the perturbed piecewise-orbital motion of a geostationary satellite
which uses a small thrust to ensure motion along a circular orbit of arbitrary diameter. One can show that
the investigation of the stability of periodic motions appearing in a neighbourhood of the relative
equilibrium positions considered [4] lead to equations of perturbed motion of the form (1.1), in which the
role of the small parameter ¢ is played by the eccentricity of the elliptical orbit of the centre of mass of the
satellite.

It is known [6] that the question of the stability of the trivial solution of system (1.1) reduces to the
question of the stability of an autonomous system with one zero and N pairs of purely imaginary roots
considered in [5].

For a system containing a small parameter it is interesting to clarify the role of this parameter in the
solution of the stability problem.

We first transform the linear part of system (1.1), reducing it to autonomous form, and to
this end introduce new variables z=(z, ..., Zy,) with the formulae

x =[By +€B,()+...]z (12)

where B, is a constant and B,(t) is a matrix o-periodic in ¢.
We require that in the new variables the system has the form

z'=[Ag+EA+...]2 (1.3)

where A, and A, are constant diagonal matrices.
Differentiating (1.2) with respect to time and using (1.1), we obtain the following systems of
equations for the jth columns of the matrices B, and B,

(Ao ~Ag;E)Bo; =0 (j=1,...2N+1) (1.4)
Bij —(Ag —AoE)By; = (A — Ay ;E)By; (1.5)

where A,; and A, are elements of the matrices A, and A, respectively. (It follows from (1.4)
that the A,; are the eigenvalues of the matrix A,.)

We consider the question of the existence of an w-periodic solution to system (1.5). All the
roots of the characteristic equation of each of these systems is found from the formula

K =i(lmAg, —-ImAy;)  (5,j=1,..,2N+1) (1.6)

Introducing the matrix e;(f) = diag(e®”, ... ™), we consider the normalized fundamental
matrix

BY;(r) = Bye; (1) By’ 1.7)
We take a particular solution of the inhomogeneous system (1.5) in Cauchy form
]
B} ()= [ By (1 - DA (v) - A E1By st (1.8)

and choose the arbitrary constants C,=(C, . . ., Civ,)" of the general solution from the
periodicity condition which leads to the system of equations

[Bl;(@)-EIC; + Bl;(w)=0 19

Since, as follows from (1.6), the characteristic equation of each of the systems (1.5) must
have one (and only one) zero root, for system (1.9) we have det[Bj(w)=E]=0, and



The stability of a class of quasi-autonomous periodic systems with internal resonance 249

consequently
rank{B] (@) ~ E] = 2N (1.10)
if the equality

Ky O = 2ikn 1.11)

is not satisfied by any natural k, and this we shall assume below. (For a second-order system
with a pair of imaginary eigenvalues this relation obviously represents the condition of
parametric resonance.)

It follows from (1.10) that system (1.9) will either have no solutions or an infinite number of
them. In the latter case the matrix B[,() should satisfy the condition

rank({[B; (®) - E], - B};(@)}=2N (1.12)

Condition (1.12) can be satisfied by putting A,;=0 in (1.8).
Indeed, taking (1.7) and (1.8) into account, we can write

Bx'f(m)=zBﬁ(f°—T)Ax<r)Bo,-dt=?B{‘,-(m—r)A, (Dt (1.13)
0

where the elements of the column matrix A,(t) are w-periodic functions of 1 that are
expandable in a Fourier series. This enables us to represent the final integral in (1.13) in the
form

B};(@)= Boe(w - 1) B5" A7 (0] 0= [ B} () - E1A; ()
Ajj(w)=A7;(0)

From this it is clear that the last column of the widened matrix appearing in (1.12) is a linear
combination of all the other columns, and consequently condition (1.12) is satisfied when
A, =0.

lAn important conclusion has therefore been obtained to the effect that in the absence from
the system of the commensurability condition (1.11) the characteristic indices of the original
system are identical to first order of accuracy in € with the eigenvalues of the matrix A,. This
conclusion can also be obtained by more complicated arguments [3].

2. On the basis of the above, system (1.1) can be represented in the form
y= 3 Y™ 4+Y, w=Au+ JU™ +U,
m=2 m=2

T=-Ag+ ST™+T
m=2 (2.1)
A. = diag(fko],...,ﬂ\.o”)

u=(ul,...,u~), i=(ﬂl,...,ﬁ.~)

where 1 and & are complex-conjugate variables, Y, Uand U are analytic functions of y, u, #, t
and e containing powers of € not lower than two and Y™, U™ and U™ are mth order forms
with w-periodic coefficients representable in the form

Y =¥ (o, @) + X (3,0, 7,8), U™ = U™ (y,u,7) + U™ (y,u,7,1) (22)
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If system (2.1) has the automorphism ¢t — -1, u—i, #>u, y—y (which from now on we
assume), then by a suitable choice of normalizing transformation these forms will only have
purely imaginary coefficients [4].

It is known [7] that the systems under consideration are formally stable if the frequencies do
not possess any |p th order resonant relations of the form

{prg)=2n0lq; ¢=0,%1,42,..
Ipl=pi+...+p, 23, 1<nsN, p={Pn.nls) 23
}»0 =(101""’)“0n)

where p is an integer vector with mutually-prime positive components.

We will consider those resonant cases in which the stability question is resolved by the first
non-linear terms, i.e. third- and fourth-order resonances; in each of these cases the solution of
the stability problem very largely depends on whether or not the right-hand side of (2.3)
vanishes.

We will first consider the case when 1pl=3 and ¢#0. Performing a non-linear normalization

of system (2.1) using the well-known procedure [8], we obtain in polar coordinates r,, 8, the
following model system (containing only the first non-linear terms)
y=0, r;=2er??p sin0 (s=1,..,n)
0= 3 p, (B2 +2B,)y +eb,r"/r cose)
s=1
24

76 =0, Oy =Xog+Bo+ea)y (a=n+l...N)

n .
0=p6,+..+p8, rPl= I’Irf”z, Ipl=3
=l

Here b,, B and B, are constant coefficients whose expressions in terms of the coefficients of
the forms (2.2) are known [8].

The model system that has been obtained is a special case of the systems considered in [4, 5}, where it
was shown that the problem of the stability of the trivial solution is governed exclusively by the resonance
coefficients b,, which appear only as a consequence of the presence of small periodic terms in the original
system. Necessary and sufficient conditions for stability were derived which have to be satisfied by these
conditions.

For |pl=3 and ¢=0 the model system differs from (2.4) only in the equations for the
resonant variables r,, which take the form

r;=2(b +eb)r"?sin@ (s=1,....n) 25)

where the constant coefficients b are computed in terms of the constant coefficients of the
forms Y™, U and U™ of system (2.2).

The problem of the stability of the trivial solution of the model system obtained is solved
only by the group of equations (2.5) [4, 5} the necessary and sufficient condition for stability is
the presence of a sign change in the series of coefficients a,=b{ +¢&b, of system (2.5). But
because for sufficiently small values of € the signs of a, are the same as the signs of b{, in the
case under consideration the solution of the problem of the stability of the original system can
be obtained while ignoring its periodic part.

We now consider fourth-order resonance. For ¢ #0 the model system, containing terms up
to the third-order inclusive, can be written as
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y=0, r,=2ebr??sin® (s=1...n)

0'= £ p, (B, + i)y + (B3, + eBa. )y’ +

N
+ X (Y5 ey + eb,r?2r cos 6]
= 26)

rg=0, Ogx=Ag+ (B?a +&Big )y + (Bga +€Paq ))’2 +
N

+ ZI(Y.?;; +e5)r;  (@=n+1..,N)
i=

9=P191+---+P,.9n, Ip'=4

Thus, in this case the original periodic system reduces to an autonomous system which is a
special case of the systems considered in [5]. According to results obtained in [5], a necessary
and sufficient condition for the stability of the trivial solution of system (2.6) in the non-
degenerate case (all b, #0) is either the presence of a pair of coefficients b, and b, of opposite
sign, or if the series b, does not change sign, the satisfaction of the inequality

L s il I
Lps (Ys; + E'Y si )ws | (2-7)

LA
WJ=1 j=1

Obviously, in the case of fourth-order resonance (Ipl=4) for sufficiently small values of €
inequality (2.7) will always be satisfied, and hence the trivial solution of system (2.6) in the
Ipl=4, q#0 case is always stable.

Suppose now that with a fourth-order resonance in (2.3) we have g=0. Then the normalized
model system will differ from (2.6) only in the equations for the resonant variables r,. These
equations will have the same form as (2.5), but with |pi=4. We see that the signs of all the
a,=b}+eb, and c,; =] +ey, for sufficiently small values of € will be the same as the signs of
b; and v}, and consequently, in the solution of the stability problem for this case the periodic
terms in the original system can be ignored. The stability conditions for the autonomous
system obtained are given by a theorem from [5]. Thus, based on the above one can formulate
the following theorem.

Theorem. Suppose that in system (1.1) there is an internal resonance (2.3) of third or fourth
order with g=0. Then, when solving the stability problem for sufficiently small €, one can
consider the corresponding autonomous system obtained from (1.1) with €=0 instead of the
original periodic system. For the case when g =0 the stability of the trivial solution of system
(1.1) with third-order resonance is governed exclusively by the periodic terms, no matter how
small £ is; at fourth-order resonance and g #0 the stability of the trivial solution of system
(1.1) is still preserved when non-linear terms of up to third order inclusive are taken into
account.

3. The analysis that has been performed enables us to generalize previous investigations
[4, 8] into the stability of piecewise-orbital motion of a geostationary artificial satellite that is
suspended over any point on the Earth’s surface as a result of a small accelerative thrust w that
is constant in modulus. We shall show that in a small neighbourhood of the stable stationary
motions found in [4] that are relative equilibria of the satellite in a uniformly rotating system of
coordinates comoving with the Earth, stable periodic motions exist with periods close to the
Earth’s rotational period, and with the same set of unstable resonant regimes.

To this end the equations of motion of such a satellite represented, as in [4, 8], as a body of
variable mass with a rigid surface, are written in a Cartesian system of coordinates xyz rotating
with angular velocity ®, whose origin is located at the centre of the Earth, with the z axis about
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which the rotation takes place directed along the Earth’s axis of rotation. We take o to be
equal to the angular velocity of the satellite along an elliptic Keplerian orbit with semi-axis a
equal to the radius of the orbit of a stationary equatorial satellite and an arbitrary, but
sufficiently small eccentricity e, so that

av_[u (1+ecosv)?

o= da Vd (1_.82)%

3.1

where v is the true anomaly of the elliptical orbit considered, and u is the gravitational
parameter of the Earth,

Taking into account the smallness of e instead of (3.1) we shall use in what follows the
approximate expression

dv/dt=w,(1+2ecosv) 3.2)

where o, is the angular velocity of the Earth about its axis.

Then using the notation and assumptions of [18] we obtain the following equations for the
piecewise-orbital motion of a satellite with a small thrust of constant magnitude, whose vector
is stationary in a system of coordinates attached to the satellite and which passes through its
centre of mass

3
R=R(8"%cos @ +¢") - Rw? cos? ¢~ 2Rwd’cos’ 9 =w L ¥;0; +-:;%g-
i=i

3
%(thp‘) + %R(Ra'zsinz @+ 0 5in 29) + OR?0'sin 2¢ = Rw -ZP‘G‘

3
-ﬁ%(ﬁze‘ms2 @)+ R*0'cos® ¢+ RO(2R cos @ ~ R@'sin2¢) = chos«p_}:la,-c;

B=rB, —gB; ~[(6"+w)a; sin9+7,9’] (33)
Yi =Yz - q¥3 +[(0"+@)oy; cos+P,9’]

¥a = pY3 - Yy + (07 +@)0, cos@+By¢’]

Ap+(C~B)qr=QXC-B)Y,Ys (ABC, pgr, 117Y3)

Q?=3u/R?

Here R, ¢ and 0 are, respectively, the distance to the centre of the Earth, and the latitude and
longitude of the centre of mass of the satellite in the previously mentioned rotating system of
coordinates, a,, B, and y, are the direction cosines of the principal axes of inertia of the
satellite with respect to the introduced spherical (orbital) system, o, are the direction cosines
of the vector w with respect to the comoving axes, p, g and r are the projections of the absolute
angular velocity of the satellite onto the comoving axes, and A, B and C are the squares of the
radii of inertia with respect to the principal axes, assumed to be constant; differentiation with
respect to time 7 is denoted by an overdot.

Changing from the time ¢ to a new independent variable v and putting

R=y, @=y, d8/dv=@=y,, R'=y, ¢=ys
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P=Y¢: 4=¥1 T=X» Bi=¥, Mi=No» Yu=h 8=y

instead of (3.3) we obtain the following system in which non-linear terms in the small para-
meter e are neglected

yi=Y (e, N V) (5=Lou11) o=y {(34)
Here

Y=y Yy=y5, Yy=2eysinv-2y3y,/n+2y3ystgys ~

3
—2)?4 ;"‘ ‘5‘2}*5 t_'z + 2esiny 'f'Wzﬁﬁ; 1‘(‘\/‘2_‘}71 ),

i=1
Y, =2ey, si 2y, +(¥2 cos? y, + y2 )y, +2 2y, +
s =2ey, sinv+y,c0s” y, +(y3 €08” y, + ¥5 )y +2¥,y;CO8” ¥, (3.5)

3
+(WZ‘Y;'5.' ’F‘f)’xg)fv'z, Yy =2eyssinv~2y,y5 /3 —
fa}

3
~ Y y3 sin2y, ~siny, cosy, - y3 sin2y, +wiZIB.-0.-/(V"y1)

Ys = (B - C)yyys = 30Y273 / 3V (Av)

Yy = (C - A)(¥s¥s = 30¥1¥3 / 3 N(BV')

Yy = (A-B)syr = 3WnY2 / %) 1 (CV)

¥ = (Boyg ~Bay) [ vi—(oyyssin y, + ¥s¥p0) - (@04 sin Y, )/ V7
Yio = (¥sXu1 =Y3¥7)/ V'+0,y; COS y3 + Y5y + (0,04 COS Yy ) / V'

Yi1 = (Y3 = Ysd10) / VH0, 3 CO8 Y, +Pays + (0,05 CO8 Y, )/ V'

where in accordance with approximation (3.2) one must take
1/v=0;'(1-2ecosv), 1/v?*=0;2(1-4ecosv)
For e=0 system (3.4) has the particular solution

i=Yor 22=Yws V=Va=Ys=Y=YVo=)p =0y =03=0;=0, (3.6)
=0, PBy=v3=cosd, y,=-P;=sin}

the orbital stability of which was investigated in [4), (the final equation of system (3.4) was
neglected because the variable y,, does not enter into the fundamental system governing the
orbital stability of the satellite), and it was shown that the domain of orbital stability of the
stationary motion (3.6) and the unstable resonant sets are almost identical with those which
were constructed [8] using a non-central model of the gravitational field of the Earth,

Because the right-hand side of system (3.4) is an analytic function of the small parameter ¢
and is 2x-periodic in v, then by a theorem of Poincaré [9] it can have a 2r-periodic solution,
analytic in ¢ and reducing to solution (3.6) when e=0 if the characteristic equation of the
varied system of equations about e =0 does not have roots of the form ki, (k=0,1,2,...); in
the opposite case the right-hand sides of the corresponding inhomogeneous system should
satisfy given conditions.
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Representing the required periodic solution in the form
2(V) =y +eu(v)+...

z=(z1,...,z“), u=(u1,...,u”)

where y =(y, ..., y,) is a particular solution of (3.6), and putting ¥, =Y (y)+eY'(y, v) in
(3.4), we obtain for u (v) the system of equations

11 0
=X (MMZ ) Uy, +Ysl(tu) (s=1,...,11) 3.7
as1\ Dy J,

in which the constant matrix {3Y°/dy,}. (the asterisk denoting the result of substituting the
values of (3.6) in place of the y,) is the matrix of the system of variational equations for the
particular solution (3.6), the stability of which was investigated in [4], where it was shown that
for all values of the system parameters this matrix can only have one zero eigenvalue, Thus
system (3.7) can have a 2n-periodic solution only in the case when the functions Y}(., v)
satisfy the conditions

2n
(Y} (., V)av=0 (38)
0

and the remaining eigenvalues do not include purely imaginary values equal to # [9]. From
(3.5) it is clear that condition (3.8) is satisfied and, consequently, system (3.7) will have a 2 x-
periodic solution if one excludes from consideration the set of parameter values for which the
above pair of imaginary roots occurs, and this we shall assume to be true in the following.

One can verify that the equations of perturbed motion for the periodic motion under
investigation will have the form of system (1.1). Thus, putting x, =y, -z,, for the equations of
the first approximation we obtain

u |fay? u{ 3*y? [ayi )
x5= St 4el 3, S +| == | |0 39
g ugl (a)’a ], [ﬁ=1[a)'ﬁa}’a luﬁ 9y . * (39)

where the terms that have not been written out are of higher than the first order in the small
parameter e.

As we see, for e=0 Eq. (3.9) reduces to the system considered in [4] and admits of the linear
automorphism

X 2 Xj, X3->Xy, Xz—>rX3, Xz3-—>X4
X5 = —X5, Xg—r—Xg X7->X3, Xg—> Xg

X9 = =Xy, Xip—* X190, Xy ~* X1, V>~V

which, as can be verified, is also the case for system (3.9). It too is therefore reversible. From
this and from Sec. 1 it follows that the characteristic indices of system (3.9) will differ from the
eigenvalues of the matrix {3Y?/dy,}. governing the stability of the stationary motion (3.6) by
terms of the order of ¢?, and hence the domain of stability of the periodic motion considered
in the space of parameters B/A, C/S and ¢, will, for sufficiently small values of e, be almost
identical with the domain of stability of the above stationary motion constructed in [8]. From
the reversibility of system (3.9) it also follows that this domain will at the same time be the
domain of complete stability in the sense of Birkhoff [1], i.e. stability to any finite order.

Based on the theorem proved in Sec. 2, one can also conclude that the instability of
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stationary motion at third-order resonance discovered in [4, 8] corresponds to instability for
the same values of the parameters in the periodic motion under consideration.
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